Abstract-We propose two-level superposition coding based relaying schemes in which optimal power and rate allocations are investigated. Instead of confining us with fixed decoding order, two-levels of signals are considered as virtual users in a two-user multiple access channel and we prove that in certain cases the optimal joint multiuser decoding is equivalent to an approach using successive interference cancellation in a fixed order. Numerical results are provided to show the improvements in power savings using our proposed strategies compared with fixed rate and single level coding approach.
I. INTRODUCTION
Channel quality plays an important role in determining the average throughput of wireless systems. If channel quality is too bad, transmitted signals will be corrupted and the receiver terminal will not be able to decode the data. Hence we need to have an adaptive transmitter which reduces the rate when the channel quality is bad. This cannot be accomplished in compound channels where channel state information is not available to transmitters. Shamai [1] and Liu [2] investigated employing superposition coding in compound channels to enhance average throughput. The message to be transmitted is encoded using multi-level superposition coding [3] and all layers of messages are transmitted over the channel simultaneously. In this approach, they treated channel states as the virtual users of a broadcast channel, which means that the decoding order has been fixed for the destination, i.e. successive interference cancellation is assumed at the receiver end.
Exploiting distributed spatial diversity in relay channels has attracted tremendous amount of attentions lately [4] . In relay channels, one of the widely used relaying strategies is decodeand-forward in which relay node attempts to decode the source information and then forwards the decoded messages to the destination if the first step is successful. When relay nodes fail in the decoding stage, destination can only exploit signals transmitted by its source directly, which becomes a bottle-neck to the overall performance of the source-destination link [5] .
In this paper, we first extend the idea of superposition coding to relay channels to exploit cooperative diversity gain in wireless networks. More importantly, we develop the optimal way in encoding and decoding by changing perspectives in applying this superposition coding based idea. We visualize the channel from a multi-access channel perspective. The two layer data of the channel are treated as data from two different users rather than data transmitted to two users. This means that neither of the channel is considered being degraded to the other, which thus facilitates destination a freedom in decoding the superposed messages. In other words, the optimal rates are not calculated over the corner points of capacity region, but instead over all the possible rates in the capacity region of a multiple access channel. Our primary objective is to optimize the power and rate allocations to maximize the average throughput of relay channels using our proposed superposition coding based approach.
II. SYSTEM MODEL
The relay channel model we assume is similar as that of [4] , in which there is a transmitting terminal, a relay terminal and a destination terminal. Throughout this paper, we use the subscripts 's' for the source, 'r' for the relay and 'd' for the destination terminals. The wireless channel between every pair of terminals is frequency non-selective with fading coefficient h i,j which captures the effects of path-loss, shadowing, and fading of the (i, j) channel, where i ∈ {s, r} and j ∈ {r, d}. It is assumed h i,j remains constant over an entire transmission period and is independent across different pairs of nodes.
The available time slot of frame is divided into two subframes which range over 1 . . . The two sub-frames are allocated to Source and Relay to transmit data. We assume the terminals perform half-duplex operation. Source terminal will transmit the data in the first sub-frame whereas relay and destination terminals will be in listening mode. In the second sub-frame, relay will transmit the data and destination terminal will be in listening mode.
The transmitter in our model transmits signals using twolevel superposition coding [3] i.e. we will have two subchannels and hence two signals x i [n] for each sub-channel with rates R 1 and R 2 , respectively. If the total power available at the transmitter is P, then the power allocated to the second level i.e. x (2) i [n] is αP and hence the power allocated for the first level is αP , where α [0, 1], α = 1 − α and i ∈ {s, r}. We encode the signals using independent Gaussian codebook i.e. x Over the first sub-frame for n = 1, . . . , N/2, the received signals at destination and relay are 1 : In the second sub-frame for n = N 2 +1, . . . , N, the received signal at the destination from relay is:
where
r [n] are the two signals transmitted by the relay. We have assumed that relay performs the decode and forward method, i.e. relay decodes the data from source in the first half and re-transmits the data in the second half to the destination terminal.
In Eq. (1)- (3), z j [n] captures the effects of receiver noise and other forms of interference in the system. We assume that the fading coefficients h i,j are accurately measured by receiver, but not known to its transmitting terminal. Statistically, we model h i,j as zero-mean independent, circularlysymmetric complex Gaussian random variables with variance 1 and z j [n] as zero-mean mutually independent, circularlysymmetric, complex Gaussian random sequence with variance N o . We denote the signal-to-noise ratio as SNR = P No , where P is the total power available at source and relay for transmission.
The objective of this paper is to find the optimal rate allocation vector
and power allocation factor α to maximize the average throughput R = R 1 · P r 1 + R 2 · P r 2 , where P r 1 and P r 2 are the probabilities of decoding correctly the superposed signals, respectively
III. DIRECT TRANSMISSION
To develop the idea of multiple access channel based decoding of superposed signals without explicitly specifying rate functions and decoder order, we first study the optimal rate and power allocations for direct transmissions without relay node. In this model, the received signal is
for n = 1, . . . , N, where
are the two signals transmitted by the source using superposition coding. The superimposed signals can be viewed as two users of a twouser multi access channel in which the receiver employs maximum likelihood (ML) joint decoding of x (1)
For a given fading factor h s,d , the receiver can calculate the instantaneous two-user multiple access channel capacity region, and determine if R 1 and R 2 are both achievable, i.e. this rate pair (R 1 , R 2 ) are in the capacity region, or only 1 For further understanding of channel model, refer to [4] one of them is achievable. Thus the possible outcomes at the destination are :
• Destination decodes the entire message.
• Destination decodes the first level alone.
• Destination decodes the second level alone.
• None of them is achievable. It can be shown [6] the valid range of α is [0,
], where R = R 2 + R 1 . This range of α will restrict the rate pairs of the channel in such a way that the decoding order is fixed. In other words, under such α, destination has to perform successive interference cancellation to decode the message, i.e. the destination starts with decoding the first level and removes it if successful and then goes on to decoder the second level message. The average throughput of the channel is determined by the mutual information between the different levels of transmitted and received signals. The mutual information between the received signals and the first level of the transmitted signal is given by:
The mutual information between received signals and the second level of the transmitted signal given that first level is known is given by:
The probability with which destination can decode the first level is given by:
⇒ P
(1)
The probability with which destination decodes the entire message is given by:
Hence the average throughput using direct transmission is given by:
(15)
For given α, the optimal values of R 2 is given by:
where the Lambert's W function w = L(x) satisfy we w = x. And the optimum value of R 1 is the solution of the equation
The optimal α to maximize the average throughput is attained numerically by searching over the range [0,
. The comparison plot of average throughput of single link with and without superposition coding is given in Figure (1) . Thus, we have rigorously proved that fixing decoding order is an optimal way to achieve the maximum average throughput of a direct link channel when superposition coding approach is employed and multiple access channel perspective is taken in decoding the source message. Numerical results demonstrate the optimal throughput, rates of this scheme are approximately the same as that obtained by [2] which fixes rate functions and decoding order. 
IV. RELAY CHANNEL NETWORK
In this section, we extend our investigation of using superposition from single link to relay channels. The general equation for signals at the end of first half of frame is given by eqs (1), (2) and for the second half of the frame is given by eq (3). Subject to outcomes of decoding at the relay node, we can compute the instantaneous capacity region of an equivalent two-user multiple access channel between the source and its destination, where two users could be equipped with virtual 2-antenna array if one of the level is decodable at the relay. Depending on the outcome of relay's decision, we have three cases. They are: CASE 1: When relay can decode complete message sent by the transmitter terminal. The probability with which relay decodes the entire message is given by:
The received signals at the destination are given as:
CASE 2: When relay can decode only one level from the message sent by the transmitter terminal. The probability with which relay decodes the first level alone is given by:
The received signal at the destination are given as:
CASE 3: The relay cannot decode any level of the message sent by the transmitter terminal. The Probability with which relay decodes nothing is given by:
The received signal at the destination are thus given by:
We consider two relaying strategies as follows:
A. Repetition Coding Based Scheme
Relay uses the same coding method as that of source to encode the decoded message and relay uses the different power allocation factor 'β' than α at source. Hence relay allocates βP power to the first level and βP power to the second level where P is the total power available to relay. Therefore, we have x s . For comparison purpose, we also study the case when β = α. Average throughput is evaluated under three cases depending on the decision at relay as discussed before. The three cases are:
The mutual information between the received signals at the destination and both levels of transmitted signals from relay and source is given by:
The mutual information between the received signal and the first level of the transmitted signal from relay and source is given by (28) The mutual information between the received signal and the first level of the transmitted signal from relay and source when decoding of second level is already done is given by:
The mutual information between the received signal and the second level of the transmitted signal from relay and source is given by (30) . The mutual information between the received signal and the second level of the transmitted signal from relay and source when the first level is already decoded is given by:
Now, the average throughput of relay network when relay transmits the entire message is given by (32) with j = 1 and k = R. There is no closed form solution for this equation.
CASE 2:
The mutual information between received signals at the destination and second level of the source, given first level is decoded is given by:
The mutual information between received signal and the first level of the signal from source and relay is given by (34). It can be proved [6] that destination has to decode the message using successive interference cancellation method when relay transmits only one level. Now, the average throughput of relay network when relay transmits the first level given by (32) with i = 2, k = R and can be reduced to:
The received signals at the destination are given by (25), (26).This is similar to direct transmission. The mutual information between received signal and the first level of the signal from source is given by:
The mutual information between received signals at the destination and second level of the source given the first level is decoded is given by:
Now, the average throughput of relay network when relay transmits the nothing is similar to direct transmission and is given by
The average throughput of the network if relay uses the repetition coding scheme is given by:
B. Independent Coding Based Scheme
Relay employs independent codebook than the source with power scaling factor β after it successively decodes the corresponding source packets.
CASE 1: The mutual information between the received signals at the destination and both the levels of transmitted signals from relay and source is given by:
The mutual information between the received signal and the first level of the transmitted signal from relay and source is given by:
The mutual information between the received signals and the first level from source and relay given that second level is decoded is given by:
The mutual information between the received signal and the second level of the transmitted signal from relay and source is given by:
The mutual information between the received signals and the second level from source and relay given that first level is decoded is given by:
Now, the average throughput of relay network when relay transmits the entire message is given by (32) with i = 1 and k = I. There is no closed form solution for this equation. CASE 2: Relay will re-transmit only the first level of the message with the independent coding to that of source. The received signals at the destination are given by (22), (23). The mutual information between received signals at the destination and first level from the source and relay is given by:
The mutual information between received signal and the second level of the signal from source given that first level is decoded is given by
Similar to repetition coding, it can be proved [6] that destination has to perform successive interference cancellation to decode the message if relay transmits only first level. Hence, the average throughput of relay network when relay transmits only the first level of message is given by: 
R . The average throughput of the network when relay uses independent coding scheme is given by:
The optimal values of average throughput, as well as corresponding R j , α and β can be attained using the standard convex optimization method. The comparison curves are given in Figure ( 2). It can be seen that in the high SNR region, there is slight improvements of independent coding based scheme over the repetition coding based one when both of them adopt an independent scaling factor β at the relay node. 
V. CONCLUSIONS
To improve the overall throughput of relay networks, we propose to employ superposition coding based schemes across transmitting nodes and deploy multiple user joint decoding at receiver sides. We proved that when relay uses the same power allocation factor as the source does, i.e. β = α, the optimal decoder strategy is always successive interference cancellation for both independent coding based and repetition coding based relaying schemes. Numerical results demonstrate the savings of up to 2.5 dB in the high SNR region of our proposed schemes over the traditional one with fixed single rate coding.
